Abstract. The Hamming and complete weight enumerators of maximally self-orthogonal codes over GF(3) of lengths 12m 1, 12m and 12rn + are characterized. The results for length 12rn + are believed to be new, while those for length 12m-and 12m have been considerably simplified.
1. Introduction. Professor Marshall Hall, Jr., recently pointed out to us (in connection with his work on the hypothetical projective plane of order twelve) that there is an omission in [6] : the maximally self-orthogonal ternary codes of length 12m + 1 are not mentioned. An important example of this class is the dual of the code generated by the incidence matrix of the projective plane of order 3, denoted by p13 in [1] and [10] . In fact it is incorrect to say (as we do in [6, p.655] ) that if C is a maximally self-orthogonal In, 1/2(n 1)] code over GF(3) with 1 C +/-then the extended code (C+/-) + is self-dual and n is congruent to -1 modulo 12. We shall see that the correct conclusion is that either n ---l(mod 12) and (C+/-) / is self-dual, or n +l(mod 12) and (C-)
/ is not self-dual. The present paper gives the weight enumerators for the missing case. While determining these we were able to considerably simplify the weight enumerators in the case n -l(mod 12) and also when C itself is self-dual and n -=0 (mod 12). One might say that this is an error-correcting paper.
2. Weight enumerators. Let C be a code of length n and dimension k over GF (3) . The complete weight enumerator (cwe) of C is Ec (x, y, z) Z x"()y"()z where hi(U) is the number of components of u that are congruent to modulo 3. The ordinary or Hamming weight enumerator of C is
We(x, y)= Ec(x, y, y). From the MacWilliams theorem the complete weight enumerator of the dual code C -is given by (1) E C X y, Z)
where to e 2'i/3 (see [4] , [6] ). if n---2 (mod 4), and (n-1) if n is odd (see [8] , [9] C+/-C J (l + C) l,J (2 + C) and (4) Ec-(x, y, z) Ec(x, y, z) + Ec(y, z, x) + Ec(z, x, y) (since the cwe of 1 + C is Ec(y, z, x), etc.).
In case (i) the length must be a multiple of 4, and if we make the additional assumption that the all-ones vector is in C then n ---0 (mod 12). Without this assumption the results are far more complicated (see [6] ). In case (ii) it is a consequence of Theorem 3 below that n -= + 1 (mod 12). If n 1 we can add an overall parity check to C +/-so as to make C -self-dual, but if n --+ 1 (mod 12) this is impossible.
In order to describe the weight enumerators of these codes we introduce the following polynomials. We apologize for the length of this, but it is essential for our method that we work with homogeneous polynomials in six variables. As far as possible we use the same notation as [6] .
First the polynomials in x, y, z" (a) ff n 12m + 1 then (7) Ec(x, y, z) xR t607R ) 4"n'9R O)077rR xf167rR sc46"n'93R, where R is defined in Theorem 1. (8) Ec(x, y, z) ft. IER -66R -'6"n'R 6#97r9R 3 7'/'9/'9 ) 67r92ff 12 [5] and [7] ) corresponding to Theorem 3(a) and Corollary 4(a). The first nontrivial ength is 13, and for simplicity we begin with the Hamming weight enumerator. By Corollary 4(a) the Hamming weight enumerator of any [13, 6] (11) and (12)). Although the extremal weight enumerators did not tell us anything new in this example, it is nevertheless interesting to find a situation where the cwe leads to a contradiction not apparent from the Hamming weight enumerator.
For codes of greater length the extremal cwe will probably always contain a negative coefficient (compare [5] and [7] ). Relationship with [6] . The basis for cwe's given in Theorem 1 is simpler than that given in [6, Proof of Theorem 1. Since this is parallel to the proofs given in [11] and [12] our treatment will be brief. Suppose C is a self-dual code of length n 12m containing 1. Let G be the subgroup of GL(3, C) of order 2952 generated by the matrices and all 3 3 permutation matrices. The matrices in G are listed below, in the proof of Lemma 6. In [11] and [12] it is shown that the cwe Ec(X, y, z) is invariant under G. If an denotes the number of linearly independent homogeneous invariants for G of degree n, it is also shown in [11] and [12] (4) . From the MacWilliams identity (1) we have 2 2 MEc(x,y,z)=3-/Ec(X+y+z,x+toy+to y,x+to y+toz) (16) 3-1/2Ecx(X, y, z) 3-1/2{Ec(X, y, z)+Ec(y, z, x)+Ec(Z, x, y)}, using (4) . Also (17) M El+c(X, y, z) M Ec(y, z, x) 2 3-'/2Ec(X + toy + to2z, x + to y + toz, x + y + z) 2 3-1/2Ec+/-(X, toy, to z) (from (16)) 2 2 3-1/2{Ec(x, toy, to2z)+Ec(toy, to z, x)+Ec(to z, x, toy)} 2n 3-1/2{Ec(X, y,z)+to"Ec(y,z,x)+to Ec(Z,X, y)}, where in the last step we used the fact that no(u)=-n (mod 3) and nx(u)--n2(ll)----0 (mod 3) for all u e C. Similarly,
MoEc(z,x, y)=3-/E{Ec(x, y,z)+to2"Ec(y,z,x)+tonEc(z,x, y)}.
Since n is odd we have to consider the possibilities n --:el, +3 and +5 (mod 12). Case 1. n --+/-3 (mod 12). The last expressions in (16) and (17) are now identical, implying Ec(x, y, z) Ec(y, z, x). Since C always contains 0, this implies that 1 C, a contradiction. Thus n +/-3 (mod 12).
Case 2. n =-+1 or-5 (mod 12). Now (17) becomes M Ec(y, z, x) 3-/2{Ec(x, y, z) + toEc(y, z, x) + to2Ec(z, x, y)}.
We introduce new indeterminates u, v, w and define F(u, v, w, x, y, z) uEc(x, y, z)+vEc(y, z, x)+ wEe(z, x, y). Let G* denote the group of 6 x 6 matrices of order 2592, where A acts on the variables u, v, w andA acts on x, y, z. From (16), (17) and (18) Proof. We know from [11] and [12] 
(1-12)3(6+36X
+6X
The grand total is the sum of (22) Therefore the number of linearly independent homogeneous polynomials of degree 12m + 1 in the right-hand side of (7) is (m + 1) . Similarly the number of degree 12m 1
in (8) is m (m + 1).
